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Abstract: Let A G Q \ {0, —1} and / > 2. Denote by the nonsingular projective 
algebraic curve over Q with affine equation given by 



y l = {x - l)(x + A). 



In this paper we give a relation between the number of points on over a finite field 
and Gaussian hypergeometric series. We also give an alternate proof of a result of [10] . 
We find some special values of 3F2 and 2 -Pi Gaussian hypergeometric series. Finally we 
evaluate the value of 3^2(4) which extends a result of [TT] . 
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1. Introduction and statement of results 

In [6], Greene introduced the notion of hypergeometric functions over finite fields 
or Gaussian hypergeometric series which are analogous to the classical hypergeometric 
series. Gaussian hypergeometric series possess many interesting properties analogous 
to the classical hypergeometric series. Finding the number of solutions of a polynomial 
equation over a finite field has been of interest to mathematicians for many years. Many 
mathematicians have studied this problem and found interesting relations to Gaussian 
hypergeometric series. For example see [TJ [2J EJ [SJ EJ QUI dU [321 E33] • 

We will now restate some definitions from [5J. Let q = p e be a power of an odd 
prime and ¥ q the finite field of q elements. Throughout this paper, A, B, C, S, x, 4>i £ 
will denote complex multiplicative characters on F£. The notation e,(p will always be 
reserved for the trivial and quadratic characters, respectively. Extend each character 
X G F^ x to all of ¥ q by setting x(0) := 0. The binomial coefficient ( B ) is defined by 

where J(A, B) denotes the usual Jacobi sum and B is the inverse of B. The following 
special case is known from [6] 

where 6(A) = if A ^ e and 5(A) — 1 if A — e. With this notation, for char- 
acters A , Ai, . . . , A n and B 1: B 2 , . . . , B n of ¥ q , the Gaussian hypergeometric series 
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n+iF n ( °' n 1 ' ' ~d n I x ] over F is defined as 

:::: t lO-^fflCS-ftS^ (3) 

where the sum is over all characters x of F g . 

Let A G Q \ {0, —1} and I > 2. Denote by the nonsingular projective algebraic 
curve over Q with affine equation given by 

y l = (x-l)(x 2 + \). (4) 

Definition 1. Suppose p is a prime of good reduction for Ci t \. Let q = p e . Define the 
integer a q (Ci :X ) by 

a q (C l)X ):^l + q-m,x^ q ), (5) 
where #Ci t \(W q ) denotes the number of points that the curve C^x has over¥ q . 

It is clear that a prime p not dividing I is of good reduction for Ci t \ if and only if 
ord p (A(A + 1)) = 0. 

We now state a remark about the number of F g -points on C^x- For details, see [H 
Remark 1.1]. 

Remark 1.1. Let 1^3. Then 

#Q )A (F 3 ) = 1 + G F 2 , : y l = (x - l)(x 2 + A)}. (6) 

Again, let I = 3 and p = 1 (mod 3). Then 

#Cj,a(F,) = 3 + G F 2 : y l = (x - l)(x 2 + A)}. (7) 

Remark 1.2. If I = 3, C^ x is an elliptic curve. The change of variables 

X- Z -+X, Y andX -> X 
transforms the projective curve 

C 3 , A ■ Y 3 = (X - Z)(X 2 + \Z 2 ) 

to 

Y 3 = X(X 2 + 2XZ + (1 + X)Z 2 ). (8) 
Now dehomogenizing (jSJ) by putting X = 1 and t/ien making the substitution 

Y ->(l + A)z,Z ->(l + A)y-^, 
we /md t/iat C^a is isomorphic over Q to £/ie elliptic curve 

Ono [TTJ Thm. 5], proved that if A G Q \ {0, —1} and p is an odd prime for which 
ord p (A(A + 1)) = then 



3-^2 



>, 0, . 1 + A\ _ 0(-A)(a p (C 2 , A ) 2 -p) 



e, e 1 Ay p 2 



(10) 
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Note that a change of variables in Theorem 5 of [TTJ is required to arrive at (flOj) . In this 
paper, we give a proof of the following result which generalizes ( 1TUj) to the algebraic 
curve Ci t \ over F 9 . 

Theorem 1.3. Let p be a prime such that ord p (A(A + 1)) = and q = p e = 1 (mod 
I). If I > 2 is such that 3 f I or 4 { Z, then 



i-i 



J(S 3 \S 



S' i (-4A 3 )J(5' i ,5' i ) 



• 3-^2 



l-l 



-X)J(S 3i ,S- 



1 S*(-4A(1 + Xf)J{S\S v ) 



S' il , S\ S 2i cj) 

S 4i S 2 t 



+ Q, 



l + A 
A 



where 



Q 



( (Z-l)(g-l)-(Z-3) S (Q )A ), 
(l-2)(q-l)-(l-2)a q (C hX ) 

^ 1 J((p,S- 2 *) „ ( S 3 '. ,s' :; '- 



and S is a character on ¥ q of order I. 



■ 2-Z 7 ! 
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if I is odd; 
1 + A ) , if I is even 



In addition, we will also prove the following results about the number of F^-points 
on the curve C^\. 

Theorem 1.4. Suppose that q = p e = 1 (mod Z) and ord p (A(A + 1)) = 0. If 3 \ I and 

is even, then 



i-i 



-a q (Ci t x) = q-Yl 



j(<p,s- 



i j(vs\ vs 



—3i, 



s/S 31 

S 2i 



l + A 



(11) 



and for I = 3, 



-a q (C llX ) = 2 + q-Y; 2 F 1 ^> ^ + 



(12) 



where S is a character of order I on¥ q . 

Theorem 1.5. If q = 1 (mod I), then for A = \, we have 



( 0, 



-a q (Q 



i-i 



LX) 



X3 

s> 



+ 



xi 
s< 



xi 

xl/J 



if I ^ 3 and q = 2 (mod 3); 
, if I 3 and q = 1 (mod 3); 

i/Z = 3, 



where S and X3 are characters on ¥ q of order I and 3 respectively. 

We also give an alternate proof of the following result of D. McCarthy. 
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Theorem 1.6. [10, Thm. 2.3] If q = 1 (mod 3), then 

<A ~ 2) ■ a q (C 2 i) =2Re 



Q 



and 



-0(-2) ■ a q (C 2 i) = 2Re 



ft) 



G(X30) J 

where X3 is a character of order 3 of¥ q and G(x) is a Gauss sum. 

In section 4, we will prove the following results on special values of 3F2 and 2^1 
hypergeometric series. In [3j Thm. 1.3], R. Evans and J. Greene gave an expression 
for 3-^2(7) which was an extension of a result of K. OnopJ]. The following result gives 
the value of 3-^2(4) which also extends another result of K. Onojllj. 

Theorem 1.7. If S is a character on ¥ q with order not equal to 1, 3, or 4, then 

0(-3)S(16) f -nf A *\ 
, if q = 2 (mod 3); 



3-^2 



5- 



s-\ 



s- 2 <t> 
s- 2 



S(-§)J(S-\S^) 
J(S-\S) 



s 

X3 



s 

xl 



-1 2 



»(-3)g(16) 
Q 

if q = 1 (mod 3), 



where Xz is « character of order 3 of¥ q . 

The result of K. Ono can be obtained by putting S = 0, thus solving a problem 

posed by M. Koike [H p. 465]. We remark that in view of [6J Thm. 4.2], there is 

I 

4" 



a result similar to Theorem 11.71 in which the argument 4 is replaced by \. However, 



our result about 3^(1) will be different from the result obtained by R. Evans and J. 
Greene. 

Theorem 1.8. Let S be a character on ¥ q whose order is not equal to 3. If S is square 
of some character on ¥ q , then 

0, 

5(^)J(V / 5 rT ,v / ^</>) 



i 2^1 



s- 2 



J(<j>,S) 



s 

X3 



ifq = 2 

s 



(mod 3); 



(n) 2F1 



S- l (h 



Vs</>{-i)j{<f> } s) 



s 

X3 



ifq 
tfq 

+ 
ifq 



xl 



(mod 3). 
(mod 3); 



[in) 2 



[IV) 2 



Fx 



s- 2 



\fSci> 



0(-3)J(0,S) 



1 (mod 3). 
if q = 2 (mod 3); 



S 

X3 

ifq 



s 

xlj \ 



1 (mod 3). 
if q = 2 (mod 3) ; 



v / g(-^)J(7^ rT ,v / ^0) 
0(3) J(0,S) 



S 

X3 

ifq 



+ 



5' 

1 (mod 3). 
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2. Preliminaries 

We start with a result which enables us to count the number of points on a curve 
using multiplicative characters on ¥ q where q = p e (see [T3]). 

Lemma 2.1. Let a6F ? x . If n\(q — 1), then 

#{x e¥ q :x n = a} = J^x(a), 
where the sum runs over all characters \ on °f order dividing n. 

The orthogonality relations for multiplicative characters are (see Chapter 8]): 

= { ° _1 ^5" (13) 

xew q < 

We now restate some results of R. Evans and J. Greene [31 0]. The function F(A, B; x) 
is defined by [I] 

A. 

and its normalization as 

5; x) := F(A, B; x) + AB(-l)—^-. (15) 

Another character sum from [3j that we will need is 

g(A, B; x) := ^ A(l - t)B(l - xt 2 ), x E ¥ q . (16) 
te¥ q 

Theorem 2.2. [3J Thm. 2.2] If A ^ C and x ^ {0, 1} ; tfien 

\ x — IJ q 
Theorem 2.3. [3] Thm. 2.5] Let C ^ (p, A <£ {e,C,C 2 }, x^l. Then 

A, AC 2 , C<f> | S\ _ Sfcj 

9 



+ C(-l) AC(4) AC 2 (1 - x) • ■ 9(AC\ AC; 1-xf. 



F'(R*,C; X ) = R(4) J ^ C K\. 2 F 1 ( * x 



Theorem 2.4. g[ Thm. 1.2] Let i? 2 £ {e,C7,C 2 }. T/ien 

_ 3g 
J(RC,R<f))' 2ri V C 
We now prove a result similar to the above theorem. 
Proposition 2.5. VFe have 

ifJ^ £ r \x), ifC^e; 
F*(e,C;x) = { \ / v (17) 

-( g -2). 2 F 1 ( 9 ' * |x , ifC = e. 
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Proof. We prove the result following the technique used in |4]. Putting B = e in the 
relation [HI (4.21)], we have 



X 2 \ ( $x\ (x\ /V> X ' 



X) \ X J \x 
From ( |18p and fl!4p . we obtain 



X(4). (It 



q 

X 



'\f 2 f g I | x ) . (19) 



By Thm. 3.15 (v)], (HHJ) reduces to 

q \e 



F(e } C;x) = [ » a F a ( r ' £ | x 1 - -y^T )• (20) 



From ( I15p . we have 



/■'(:.(:,)= I \ F *(e,C;x)-^^-[;\. (21) 



Comparing equations (1201) and (12~T1) . we obtain 



s -1 



K(,,C;x)=yg 2 F l( ^ c \ x y (22) 

Using (j2J), we complete the proof of the result. □ 

The following result is due to J. Greene. 
Theorem 2.6. Thm. 4.4 (i) & (ii)] For x G ¥ q , 

(0 2F1 ( A > I I a) = A{-l) 2 F, ( A ' ^ I 1 - x) 
(«) 2 Fi( A * |z) =C(-l)Z(l-x) 2 F 1 ( A ^ 
where 5 is the function 5(0) = 1 and 5(x) = /or x 7^ 0. 
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3. Proof of results 
Proof of Theorem 11.31 Putting A = S l , B = S l and x = — j- in (TTB|) . we obtain 
g (s\ S*; -j) = J2 S-'(-X)S\(t - l)(i 2 + A)) 

which gives 

E S%(t - l)(t 2 + A)) = S i (-X)g fs\ -±) . 

Moreover 



(23) 



#{( x , y )eW 2 q :y l = (x-l)(x 2 + \)} 
= ^#{ Z /GF,:^ = (t-l)(t 2 + A)} 

E #{V e F « : y l = (* - ^ + A » + e F 9 : (t - l)(t 2 + A) = 0}. 

t& q ,{t-l)(t 2 +\)^ 



Applying Lemma 12. 1[ we obtain 



#{(x,y)eF 2 :y l = (x-l)(x 2 + \)} 



i-i 



E E ^ - ^ + A )) + e F * : (* - + A ) = °> 

l-l 

g + EE^- 1 )^^))- 



Since ord p (A(A + 1)) = 0, © yields 



i-i 



-s(Q,A) = EE^(( t - 1 )( t2 + A ))- 



(24) 



8=1 teF„ 



Squaring both sides of (12411 . we obtain 



/-i 



,(q,a) 2 = E 



i=l 



E^((t-l)(t 2 + A)) 



<GF„ 



Z-l 



+ E E fifi+i ((*- 1 )(* 2+A ))- 



Again using (1231 and ([TBI , we deduce that 



a q(Cl,> 



E^(A 2 )^ ( S \S*;-jY + 2(q- 
i=i ^ ' 



l-l 



+ E E s ' i+i ((*- 1 )( t2 + A ))- ( 25 ) 

i,j=l,i^j,i+j^lte¥ q 
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Since 3 \ I or 4 \ I, taking A = S~ 3i , C = S' 2i and x = ^ in Theorem [231 we obtain 

+g - VuV — -■ (26) 

Now we find the value of 

z-i 

E ^^'((t-l)(t 2 + A)). 

i,j=l,i^j,i+j^t&q 

Let P(ife) be the set of all possible values of i such that i+j = k (mod I), 1 < i, j < I — 1 
and i 7^ j- Then for odd values of / 

#P( ?fc ) = / - 3 

and for even values of I 



1 — 2, if A; is odd; 
1 — 4, if k is even. 



Therefore, 
l-i 

E -ix^+a)) 

/-I 

(/ - 3) e E ^ ~ w* 2 + A ))' if 1 is odd; 

1=1 t6Fq 

i-1 2" 1 



( ; - 2 ) E E ^(C* - + A )) - 2 E E s2 ^ - w* 2 + A ))> if z is even - 

(27) 



8=1 tgF„ 



From ( I24p . (1161) and Theorem I2.2[ we deduce that 

£ E 5l+J (( t - 1 )( t2 + A )) 

-(I - 3)a q (Ci jX ), if I is odd; 

-(/ - 2)a q (C ljX ) - 2g • g j^^j " ( ^ 5-4! | 1 + a) , if / is even. 

(28) 

Using ( !26l) and ( l28l) in ( l25l) . we complete the proof. □ 
Remark 3.1. Putting I = 2 in Theorem ! 1.31 we obtain 

a q (C 2 , x f = g ^(-X) ■ 3 F 2 ( *> *> \ I 1±*\ + a, (29) 



which yields ffTUj) over F, 
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Proof of Theorem 11.41 Following the proof of Theorem ll.3[ we obtain 

V S\(t - l){t 2 + A)) = S i (—X)g (s\ S\ -1) (30) 
tew q V A ^ 

and 

i-i 

#{(*, y) 6 F 2 : y l = (x - l)(x 2 + A)} = q + £ £ S*((* - l)(t 2 + A)). (31) 

tgF 9 i=l 

Since ^ e, we have S~ 2i ^ S~ 3i . Putting A = S~ 3i , C = S~ 2i and x = ^ in 
Theorem 12.21 we deduce that 

9(S\ S { ; -I) = q S\~)F*(S- 3 \ S~ 2i ; 1 + A). (32) 

As ^j- is even, S % is a square. Also, 3 \ I implies that 5"' ^ e. So applying Theorem 
I2.4[ we obtain 

i ) = ^HW) /yg^, v^f |1 + A y (33) 



A J(7^ ZI , v / ^0) V 5 



From ((30D, (ED, and (J33J) , we have 

#{(x, 2/ )GF;: 2/ ' = (x-l)(x 2 + A)} 

i-i 



Since ord p (A(A + 1)) = 0, completes the proof of ffTTj) . 

Again for I = 3, using Proposition 12.51 in fl32|) and then combining with ( 130]) and 
( )3T|) . we obtain 

#{(x,y)GF 2 :^ = (x-l)(x 2 + A)} = g + g-^ 2 F 1 ( ' £ | 1 + a) 

i=l ^ ' 

which yields the result because of (j7j). □ 

Corollary 3.2. Let p is an odd prime for which ord p (A(A + 1)) = 0. If p = 1 (mod 3) 
and x 2 + 3y 2 = p, then 

S(C 3 ,-i) = 0(2)(-ir + ^ 1 (|)-2x 

and 

'•X>(*' 4 i)=0(2)(-l)-(f).2,-2, 
where \z ^ a character on F„ of order 3. 



Proof. As mentioned in Remark 11.21 C 3 _ 1 is isomorphic over Q to the elliptic curve 
y 2 = a; 3 + 2 3 , which is 2-quadratic twist of y 2 = x 3 + 1. It is known that if E(d) is the 
(i-quadratic twist of the elliptic curve E and gcd(p, d) = 1, then 

a p (£) = <p{d)a p {E(d)). 
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Since gcd(p, 2) = 1, hence by [TTJ Proposition 2], we have 

a P (c 3 ^ 2 ) = mi-iy^- 1 (|)-2x. 

Again combining this result with the equation ( |T2l . we complete the second part of 
the corollary. □ 

Corollary 3.3. Letp be an odd prime for which ord p (A(A + l)) = 0. If q = p e = 1 (mod 
4), then 

where X4 is a character of order 4 on F 9 . 

Proof. Putting I = 2 in Theorem 11.41 and then squaring both sides, we have 



1 + A 



J(X4,X4) 2 ~ * V 

Using ([2]) and then comparing with (I29p . we complete the proof. 



□ 



Proof of Theorem 11.51 Putting A = | in (TJJ and making the change of variables 
(a;, j/) — >■ (I + »,y), and then replacing — § by x we obtain the equivalent equation as 



y l = --(l + x 3 ). 



Therefore, 



#{(x, y) G ¥ 2 q : </ = (x - l)(x 2 + -)} = #{(x, y) G F 2 : y l = --(1 + x 3 )} 



z-i 



1=1 xGF„ 



x' 



Now recall that the binomial theorem (see [6]) for a character A on F g is given by 



A(l +x) = 5(x) + 



X' 



(35) 



where S(x) — 1 (resp. 0) if x = (resp. x^O). Hence 

#{(x,j/)eF2 :!/ ' = (i-l)(x 2 + i)} 



/-I 



S' 



1-1 



i=l * i=0 „ \a/ „,^ m 



5' 



(36) 
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By (|T3|) . J2x£F q X 3 ( x ) is nonzero if y 3 = £ > which is possible only for e, X3 an d xl- 
Therefore, ( |36l) reduces to 



#{(x,y)GFj:y' = (x-l)(^ + -)} 



1-1 



.27, 



i=l 



X3 



x^ 1 



if q = 2 (mod 3); 
if g = 1 (mod 3), 



which completes the proof of the result because of (JBj) and ([7]). 
We now give an alternate proof of a result of McCarthy. 



□ 



Proof of Theorem 11.61 Since q = 1 (mod 3), putting I = 2 in Theorem 11.51 we find 
that 



"SfA i) = g0(6) 



Since 0(— 3) = 1 if and only if q = 1 (mod 3) and (* 3 ) = (* 3 ), the first part follows. 
Again the second part follows from the fact that if x^P is nontrivial, then 



G(x)GW 



where J(x, ip) and G(x) are Jacobi and Gauss sums respectively. 



□ 



Simplifying the expression for a q (C^\) given in Theorem 11.51 we obtain the following 
result which generalizes the case / = 2 treated in Theorem 11.61 



Corollary 3.4. Let d = lcm(3,Z). If q = 1 (mod d), then 



-a q {C l 



2 + 2q ■ Re 



, xl 

XzJ \X3 



<-H^) + I>M?) 



s> 



if I = 3; 

if I is odd, I > 3; 



s*j \s* 



if I is even; 



where S and X3 ar c characters on ¥ q of order I and 3 respectively. 



4. Values of 3 F 2 and 2 Fi Gaussian hypergeometric series 



In this section, we will give the proof of Theorem 11.71 and Theorem 11.81 We now 
prove the following lemmas from which Theorem 11.71 and Theorem 11.81 follow directly. 
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Lemma 4.1. If S is a character on ¥ q whose order is not equal to 1, 3 or 4, then 



3-F2 



S" 3 , S~\ S' 2 ^ , 1 + A 

s~\ s- 2 



X J q 2 S(-AX 3 )J(S- 3 ,S) 



J2s((x-l)(x 2 + X)) 



0(-A). 



Proof. Since S is a character on ¥ q whose order is not equal to 1, 3 or 4, so applying 
Theorem E2 directly for A = S~ 3 , C = S~ 2 and x = we get 



3^2 



S-\ S-\ S- 2 <p , 1 + A 

-4 rr-2 



s- 4 , s- 



x J q 2 s(-AX)j(s- 3 ,sy 

Q 

which yields the result because of 

g(S, S; -i) = S-\-X)S((x - l)(x 2 + A)). 
x-eF„ 



A' 



J2S((x-l)(x 2 + X)) 



0. 



27 i 



For X = 


1 

3 ' 






+ ( 









if q = 2 (mod 3); 
if q = 1 (mod 3), 



where X3 is a character of order 3 onF ? . 
Proof. As shown in the proof of Theorem 11.51 



is equivalent to 



y l = (x-l)(x 2 + -) 



Hence using fl35l . we have 

S((x - l)(x 2 + -)) = £ + * 3 ) 



xe¥„ 



x& q x VA/ 



X 3 (a;). 



□ 



Following the proof of Theorem ll.5[ the result follows easily. 

Lemma 4.3. If S is square of some character on ¥ q and S is not of order 3, then 



□ 
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Proof. We have 

S((x - l){x 2 + A)) = S(-X)g(S, S; -i). 

Since S is a square of some character of ¥ q , applying Theorem 12.21 we obtain 

S{(x - l)(x 2 + A)) = qS 3 (2)F*(S~\ S- 2 ; 1 + A). (37) 

Also S is not of order 3. Using Theorem 12.41 we complete the proof. □ 

Following the proof of Lemma \4. 31 and applying Proposition 12.51 in ( 13"T|) . we have the 
following result. 



Lemma 4.4. If S is a character of order 3 on ¥ q , then 



J2S((x-l)(x 2 + \)) = q. 2 F 1 (^ £ s \x\ 



(38) 



Proof of Theorem 11.71 Putting A = | in Lemma 14.11 and then combining it with 
Lemma 14.21 we complete the proof. □ 



Proof of Theorem 11.81 (i) Putting A = | in Lemma 14.31 and then using Lemma 14.2 
we complete the proof. 

(ii) Taking x — | in Theorem 12.61 (i), we obtain 

2Fi ( rfF* | _i) = ^ ( _ 1)2Fl ( ^ ^ | . 

Now using (i), we complete the proof. 

(iii) Applying Theorem 12.61 (ii) for x — |, we have 

^ 1 4 ) = ^(-3)^, ( ^ 1 * 



and the result follows from (i). 

(iv) Using Theorem 12.61 (ii) for x = — |, we find that 

2Fl (, S~% 1 4 J = ^ 5 - V I -3 

and then proof follows from the proof of (ii) . □ 
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